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The growth of nonlinearities in a 2D Rayleigh-Taylor (RT) instability for a single-mode sinusoidal
initial perturbation is studied in terms of amplitude and symmetry effects. Because the interface de-
formation amplitude does not give access to the latter, we turn to the interface zero-crossings (nodes)
as a metric. A weakly nonlinear model is developed and compared to node position measurements
in RT magnetic levitation experiments. Our results show that the nodes metric is successful for
detecting the first harmonic growth and exploring the transition to fully-developed nonlinearity.
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The Rayleigh-Taylor (RT) instability [1] is one of the
most common hydrodynamic instabilities in nature, oc-
curring in various physical phenomena from inertial con-
finement fusion [2] to diapirs formation [3] to implosions
of massive stars [4]. Its ubiquity is due to the simplic-
ity of its base conditions: It requires only an interface
between two fluids of different densities, subjected to an
acceleration oriented from the lighter to the denser fluid,
e.g., the situation in salad dressing when pouring dense
vinegar on top of light oil. The acceleration exponen-
tially amplifies any initial perturbation on the interface,
rapidly leading to a strongly nonlinear (and sometimes
turbulent) intermingling of the two fluids.

As with most hydrodynamic interface instabilities,
the better-understood stages of this evolution are the
early linear regime, where each mode present in the ini-
tial spectrum of the interface perturbations grows inde-
pendently, and the long-time fully developed nonlinear
regime, where energetic or statistical considerations gen-
erally make global predictions feasible (see for instance
[5]). A much more challenging exploration is that of the
crossover behavior that gradually turns the first regime
into the last, as the interface deformations grow. That
intermediate regime is often referred to as ”transitional”,
and it includes, in particular, the transitions between the
linear, weakly nonlinear and fully nonlinear evolutions of
the interface deformation growth. Exploring this transi-
tion in more depth is needed to obtain a clear physical
picture of this large class of phenomena.

Let us consider the basic case of a RT instability, where
a single-mode sinusoidal deformation is initially imposed
on the interface. As the deformation grows due to the
instability, two phenomena are observed, both being di-
rect consequences of nonlinear effects: first, the early ex-
ponential growth of the interface deformation gradually
slows down to a sub-exponential growth, (an effect we
call here the Amplitude Effect of nonlinearities (AE));
second, the up/down symmetry of the initial sinusoidal
deformation is gradually skewed as rising ”bubbles” of
the lighter fluid become thicker while falling ”spikes” of

the denser fluid become thinner (an effect we call here
the Symmetry Effect of nonlinearities (SE)).

A common way to approach the transitional regime be-
tween linearity and fully-developed nonlinearity, in which
these two effects ensue, is to build weakly nonlinear mod-
els based on modal asymptotic expansions of a small ini-
tial deformation. This procedure is the basis for most ex-
isting theoretical results in the literature, where several
asymptotic perturbation models have been constructed
to approximate the evolution of a RT interface beyond
the linear regime. For instance, such calculations were
performed in configurations where either surface ten-
sion between the two fluids is neglected (see Ingraham
[6] for a second-order approximation and Berning and
Rubenchick [7] for its extension to third order), or where
the density of one fluid is neglected compared to that
of the other (see Emmons et al [8] for the bidimensional
case and Jacobs et al [10] for arbitrary tridimensional ge-
ometries). Of a particular interest is the remark from
Emmons and coworkers in [8] on the influence of the
first and second nonlinear harmonics of the initial sinu-
soidal deformation of the interface (which we refer to as
mode 1 here). These authors explain that the asymmet-
rical deformation of the interface is due primarily to the
growth of the first nonlinear harmonic (mode 2), produc-
ing larger bubbles of ”massless” air and thinner spikes of
”dense” liquid (SE). At the same time, the slowing down
of the exponential amplitude growth (AE) is caused by
the growth of the second nonlinear harmonic mode (mode
3) and by its feedback on the fundamental mode (mode
1). This remark is of paramount importance, because it
suggests that odd and even modes do not play the same
role in the interface shape deformation, an observation
which goes far beyond the particular case of RT instabil-
ity.

However, all models based on an asymptotic modal ex-
pansion have an important limitation: they are limited
in time, in so far as their validity collapses when the
amplitudes of harmonics become comparable to that of
the fundamental mode. Even worse, further along the
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evolution of the instability, the very notion of Fourier
modes and harmonics can become obsolete, when the in-
terface ”folds” onto itself as a result of nonlinearities or
secondary instabilities, that is, when the interface can no
longer be described as a single-valued function of a given
space coordinate. An example of this long-time evolution
can be seen in the late-time interface profiles in Figure
1, about which we will comment again later.

The previous considerations suggest that new, more
appropriate metrics of analysis of a RT-unstable inter-
face should be explored, besides just the amplitude of
modes. These metrics should be able to both quantify
the AE and SE in the weakly nonlinear ”modal” regime,
and also to remain useable in the fully nonlinear regime,
when the interface is no longer a single-valued function
of a given space coordinate. Until now however, only the
total interface deformation amplitude has been used in
literature [15] which, alone, carries only part of the total
information about the interface deformation (obviously,
it can give access to AE but not to SE [16]).

Here, we present a complementary metric, based on
the interface zero-crossing points (nodes), which, when
combined with the classical measurement of the ampli-
tude of deformation, allows us to monitor both AE and
SE throughout the weakly nonlinear regime and beyond,
into the fully developed nonlinear regime.

We first begin by building a weakly nonlinear model of
RT instability for two inviscid fluids of different densities
with surface tension. We then compare the predictions
of this model to original experimental results, focusing
in particular on the time evolution of the position of
nodes. The observed good match between theory and ex-
periment, along with the information extracted from the
node dynamics, justifies the practical usefulness of this
complementary metric we propose, along with the ampli-
tude measurement. We then examine what information
this metric yields as the interface gradually transitions
to the fully nonlinear regime.

Let us focus on the weakly nonlinear regime first and
the modal effects of nonlinearities, summarized above as
AE and SE. AE is customarily measured by studying the
average peak-to-peak amplitude of the interface defor-
mation. In a linear approximation, the amplitude of the
fundamental mode (of wavenumber k = 2π/λ, where λ
is the fundamental wavelength) is predicted to grow ex-
ponentially with time [1]. A deviation from the linear
regime can then be monitored by examining the differ-
ence between half the measured peak-to-peak amplitude
a and its predicted counterpart aLR based on a linear
model. A first amplitude-based metric can therefore be
defined as: MAE = (aLR−a)/λ, which allows us to quan-
tify AE. This widely used metric, however, is insufficient
to fully characterize the early small nonlinear corrections,
because it provides no information about the growth of
asymmetry in the shape of the interface. Here, we intro-
duce another metric built on nodes measurements. Inter-

face nodes are, by definition, the points of intersection of
the interface with its average position (Mass conservation
ensures that in a laterally unbounded RT instability, the
average interface position remains fixed). In Figure 1 one
can observe that the distance between two nodes separat-
ing a rising bubble (∆xb) is becoming larger over time,
as opposed to the one separating a falling spike (∆xs).
The deviation from a symmetrical growth (∆xb = ∆xs)
can be quantified by examining the deviation of the ratio
∆xb/∆xs from unity. We thus define a second metric to
measure the symmetry effect of nonlinearities (SE) as:
MSE = ∆xb/∆xs − 1.

FIG. 1: Interface shapes for discrete times t = [ 7
60
, 8
60
, .., 23

60
]s

for an experimental run for which λ = 10.0 mm . Distances
∆xb and ∆xs are sketched on the figure for time t = 7

60
s.

In short, two simple metrics allow a more robust quan-
tification of the two main features of the weakly nonlinear
regime:

1. The nonlinear slowing down of the initial exponen-
tial growth is measured by MAE .

2. The growing up/down asymmetry of the interface
due to nonlinear effects is measured by MSE .

Since most studies on the growth of nonlinearities in the
RT instability rely mainly on variants of MAE , an abun-
dant quantity of data related to that metric is available
(see for instance [10]). Here, we therefore focus on MSE ,
probing the dynamics of nodes during the various regimes
of the instability growth.

We begin by presenting our inviscid weakly nonlin-
ear model, used to obtain a prediction for MSE in the
early regime. Let us consider, in the bidimensional space
(x, z), two immiscible fluids 1 and 2 of constant densi-
ties ρ1 and ρ2 respectively, subjected to Earth’s gravity
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−→g0 . Fluid 1 occupies region z > 0, Fluid 2 region z < 0,
and we choose ρ1 > ρ2 so as to trigger a RT instabil-
ity. The fluids are considered to be incompressible and
non-viscous and the interfacial tension is γ. The time
evolution of the interface is examined as the equation
z = η(x, t). The system is started from rest by introduc-
ing a single-mode sinusoidal interface perturbation de-
fined by η(x, t = 0) = η0 cos(kx) with wavenumber k
and initial amplitude η0. Since we are aiming at build-
ing an asymptotic weakly nonlinear expansion, we con-
sider small initial perturbations so as η0k � 1. Now,
writing the equations of continuity and momentum for
the above problem along with the two boundary condi-
tions at the interface and the two ones far away, yields a
closed system with unknowns: the velocity components
and the pressure field in each fluid along with the inter-
face deformation η. An asymptotic analysis is performed
where all unknowns are developed in terms of a power
series in the perturbation parameter η0k. After some
algebra [17], we classically find, to first order, that the
cut-off wave-number kc, above which the perturbed in-
terface is stabilized by surface tension and oscillates, is
kc =

√
(ρ1 − ρ2)g0/γ. For first-order unstable modes,

i.e., for modes such that k < kc, the associated exponen-
tial growth rate σ1 is: σ1 =

√
g0kA

√
1− (k/kc)2 where

A = (ρ1 − ρ2)/(ρ1 + ρ2) is the Atwood number. The
second-order expansion of solution η then depends on
whether k is less than, equal to, or greater than kc/2.
In the last two cases, the second order term in the ex-
pansion is found to grow exponentially with twice the
fundamental growth rate σ1. For the case where k is
less than kc/2, that term is found to grow exponentially
with a different growth rate σ2 =

√
2g0kA

√
1− (2k/kc)2.

Since 4σ2
1 = σ2

2 + 2g0kA (1 + (2k/kc)
2), one always has

σ2 < 2σ1 for k < kc/2. The second-order exponential
term growing with rate 2σ1 thus always dominates the
second-order correction term for time sufficiently greater
than t0 = 1/(2σ1 − σ2) ln(2σ1/σ2)

2. This is small com-
pared to the time of first detection of the instability in
all experimental runs for which k/kc < 1/2 (we use the
fact that t0σ1 < 1).

Finally we approximate the evolution of the interface
up to second-order for all k < kc, keeping only the dom-
inant contributions in the form:

η(x, t) ∼ a1(t) cos kx+ a2(t) cos(2kx+ π) (1)

where a1(t) = η0
2 e

σ1t and a2(t) =
η20Ak

(
1−( k

kc
)
2
)

8
(
1+2( k

kc
)
2
) e2σ1t

are the amplitudes of mode 1 and mode 2, respectively.
It is interesting to note that the latter amplitude is pro-
portional to the Atwood number: The larger the Atwood
number, the wider the asymmetry between bubbles and
spikes.

By construction, the above second order approxima-
tion is valid for time sufficiently small, so that R ≡

a1/a2 = e−σ1t/(2η0Sk) is greater than unity, i.e., for
time shorter than t1 = − ln(2η0Sk)/σ1. Here, S ≡
a2/(4a

2
1k) = A(1 − (k/kc)

2)/(8(1 + (4k/kc)
2)) is a time-

independent dimensionless quantity.
Interface nodes now can be found analytically by solv-

ing the equation η = 0 [18]. For time shorter than
t1 there are two distinct solutions x1 and x2 on a λ
length period. These are x1 = λ arccos f(R)/(2π) and
x2 = λ − x1 where f(x) = x/(4(1 −

√
1 + 8/x2)). This

yields ∆xs = x2 − x1 = λ(1 − arccos f(R)/π), ∆xb =
x1 + λ − x2 = λ arccos f(R)/π. The theoretical predic-
tion for MSE follows immediately:

MSE =
∆xb
∆xs

− 1 =
arccos f(R)

π − arccos f(R)
− 1 (2)

Within the framework of small perturbations, MSE can
be approximated to first order in 1

R by the following ex-
pression:

MSE ∼
4

πR
=

8η0Sk

π
eσ1t (3)

Having developed a weakly nonlinear prediction for
MSE , we now turn to experimental measurements of the
position of nodes for a series of fourteen experimental
runs of various wavelengths.

RT experiments were conducted by using a magnetic
levitation technique in order to impose a precise single-
mode sinusoidal initial disturbance at the interface be-
tween the two fluids. (See [11] for more details on the
experimental configuration). Fluid 1 is a paramagnetic
aqueous mixture (58.6 wt % MnCl2 · 4H2O, 0.25% sur-
factant C10E6, plus a small amount of rhodamine 6G
dye) with ρ1 = 1398 kg.m−3. Fluid 2 is hexadecane with
ρ2 = 773 kg.m−3. The interfacial tension has been de-
termined by a pendant drop method and found equal to
γ = 7.74 mN.m−1. The obtained Atwood and cut-off
numbers are respectively A = 0.29 and kc = 890m−1.

An improved Canny detector [14] was used to isolate
the interface on each video image, which was then ana-
lyzed using two independent methods: a Fourier Series
expansion and a direct spline parametrization. On the
one hand, the interface is decomposed into a Fourier se-
ries in order to extract the amplitude evolution of the
fundamental mode and of its first harmonic. This allows
us to obtain the fundamental growth rate σ1, amplitudes
a1 and a2, ratio R and finally MSE . Here we rely for
σ1 on experimentally determined values rather than on
predicted ones, since our model does not take viscosity
into account. All other quantities involving σ1 are then
derived analytically, based on the above calculations. On
the other hand, the interface is represented mathemati-
cally by a twice differentiable parameterized curve (see
Ref. [12] for details). This allows us to measure directly
the successive nodes identified as the zero-crossing in-
terface points in the average position frame. Note that
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Fourier series analysis is no longer valid as soon as the in-
terface becomes multi-valued, unlike the parametrization
method which extends into the fully nonlinear regime.
We performed both analyses on the fourteen experimen-
tal runs, conducted for five groups of wavelengths (10
mm, 12.5 mm, 15 mm, and 17.5 mm and 20 mm).

FIG. 2: Comparison of experimental measurements of MSE

and its theoretical prediction based on Fourier analysis esti-
mation of ratio R for an experimental run for which λ = 20.3
mm. The temporal resolution of the camera is 60 frames per
second.

Figure 2 displays the comparison of the predicted value
(based on amplitude analysis only) of MSE and its exper-
imental measurement for an experimental run for which
λ = 20.3 mm. In order to better understand the results,
we have added two time markers on the figure: the time
when the rolling up of the interface is first observed ex-
perimentally (i.e. the time when the so-called secondary
Kelvin-Helmholtz instability ensues), and the theoreti-
cal time limit beyond which the amplitude of mode 2
becomes larger than the amplitude of mode 1 in the
asymptotic expansion (t1, the limiting time of validity
of the weakly nonlinear model above). As can be seen,
there is good agreement between the experimental mea-
surements (open circles, Fig. 2) and the theoretical pre-
dictions for MSE (solid line, Fig. 2). This lasts only up
to the moment when the interface begins to roll-up and
becomes multi-valued, at which time the weakly nonlin-
ear model also fails. MSE can nonetheless be tracked
experimentally beyond that moment, showing a sudden
leveling off. This rapid change in the time evolution of
MSE is consistent with the direct observation of the in-
terface shape: Once the rolling up of the interface oc-

curs and spikes and bubbles take on these characteris-
tic mushroom-like shapes, fluid is rapidly drawn into the
”cap” part of each digitation, causing a shrinkage of its
lower part (the ”foot” of the mushroom shape). Because
of the asymmetrical growth of the interface in that non-
linear regime, clearly visible on Figure 1, more fluid is
moving into the bubbles’ heads than the spikes’ heads,
and the tips of bubbles are becoming closer to the in-
terface’s average position compared to the tips of spikes.
∆xb thus decreases and ∆xs = λ−∆xb increases, explain-
ing the sudden leveling off of MSE . Similar observations
are made in all fourteen experimental runs.

In conclusion, monitoring the nodes’ displacement al-
lows us to quantitatively describe the up/down symmetry
effect of the nonlinearities in a single-mode RT instabil-
ity, which often is referred to in the literature as the bub-
ble and spike asymmetry. By using the classical ampli-
tude deformation measurement and the nodes approach
– two complementary metrics – we are able to draw a
true first space-time picture of the RT shape deformation.
But more than that, the nodes metric provides a conve-
nient means of summarizing the physics of the transi-
tional regime between linearity and fully-developed non-
linearity. Thanks to a systematic comparison between
a weakly nonlinear model and RT experiments, we have
shown that the early asymmetrical growth of the inter-
face deformation is well approximated by the growth of
the first nonlinear harmonic, until the interface becomes
multi-valuated. Our results reveal that the nodes evo-
lution contains the information about the linear growth
rate of the instability and can be used to weight the ef-
fect of odd harmonics on the interface shape deformation,
detect the time of first appearance of the secondary insta-
bility and better characterize the fluid flow distribution
from linearity to fully-developed nonlinearity.

We thank Prof. R.G. Petshek for useful discussions
and acknowledge support from the Partner University
Fund.

[1] G.I. Taylor, Proc. R. Soc. A 201, 192-6 (1950).
[2] J.D. Lindl et al., Phys. Plasmas. 11, 339-491 (2004).
[3] N.M. Ribe, J. Fluid Mech. 337, 27-45 (1998).
[4] B. Whitney, Science 323, 719-720 (2009).
[5] U. Alon, J. Hecht, D. Ofer and D. Shvarts, Phys. Rev.

Lett. 74, 4 (1995).
[6] R.L. Ingraham, Proc. Phys. Soc. London, Sec. B 67, 748-

52 (1954).
[7] M. Berning and A.M. Rubenchik, Phys. Fluids, 10, 1564

(1998).
[8] H.W. Emmons, C.T. Chang, B.C. Watson, J. Fluid

Mech. 7, 177-193 (1960).
[9] R.L. Cole and R.S. Tankin, Phys. Fluids 16, 1810 (1973).

[10] J.W. Jacobs and I. Catton, J. Fluid Mech. 187, 329-352
(1987).

[11] M.-C. Renoult, R. G. Petschek, C. Rosenblatt



5

and P. Carles, Exp. Fluids 51, 10731083 (2011),
10.1007/s00348-011-1125-z.

[12] M.-C. Renoult, P. Carles, S. Ferjani and C. Rosenblatt,
EPL 101, 54001 (2013), 10.1209/0295-5075/101/54001.

[13] V. Kilchyk, R. Nalim and C. Merkle, J. Fluids Eng. 135,
031203 (2013)

[14] J. Canny, IEEE Trans. Pattern Anal. Mach. Intell. 8,
679-698 (1986).

[15] An exception to this has been the recent proposal of us-
ing the total excess interface area created by the insta-
bility, by this group [12] and by [13] simultaneously. This
particular measurement is not the object of the present
article.

[16] By using an elaborated Fourier mode analysis growth
rate extraction, second-order mode growth rates can be
detected and along with some information on the early
asymmetrical growth of the interface as it is presented in

the Letter from Cole [9] for one single experiment. Be-
cause of large scatter in the fit of the data, Cole concluded
by saying that ”further investigation of the second and
higher orders would require an extremely pure sine wave
initial disturbance”. Our results show that more than an
issue of experimental precision, the measurement of the
odd harmonics growth required its appropriate metric of
analysis.

[17] The steps of the calculation and the expression for the
resulting interface are not presented in this Letter as it is
not essential to the main results and discussions reported
here. They can be found in the Supplemental Material at
*URL*.

[18] Note that, due to symmetries of the function cos(3kx),
extending the asymptotic expansion to third order would
not change our evaluation of MSE


